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CONFLUENT HYPERGEOMEERIC FUNCTIONS
H.A, Tauwerier.

1. Introduction. .
The confluent hypergeometric functions are defined as the solutlons
of the following equation:

2 -
< w { B, C 15
+ A+ =+ W=20
d z2 2 ‘;? _ .
or in standardized notation i
2 . 1 2 ) '
a_w +.{ — ’?i' +E .g..&._:.._@... W=20 (1)
! a 2 % 2
_ z< : z.
--} fn‘wé . ‘
Putting W = e * 2z 5 (1) may be transformed into
7 .@.2._..1 -z ~-Q) -(-i-Y- -,y = 0 | : (2)
1 22 0 &z |

with Q = 2 m+l and A = % 4+ p-k .

Equation (2) is satisfied by the series

v = 1(0(€9Z)"1+ ?—é—m}%-b;n (3)

Another solution is found to be
=20 F Q-0 2 -0, 2 (4)

‘For non integral values ong we get two independent series solutions
but difficulties occur when is integral.
The solution of (1) obtained from (3) will be denoted by Mk (z)s
2

e

(z) = o 2 W& 3 ;2 mel, z) (5)
Mk,mz'"e P TFl (3 + m=k, m+l, 2

Another solution is obtained when substituting m by -m i
7
Mk’mm(z)= e 2 z"mf%‘.1Fl (3-m-k, -2m+l, z) (6)
The solution (6) can also be obtained from (4).

When 2m is not an integer (5) and (6) form a fundamental system
since the singularities in the origin are of a different nature,

Since these functions depend on three variables they are practic.!
1y beyond the reach of tabulation in general, If a function ef one
variable takes a page %o tabulate, cne ef two variables will take a
‘book and one of three variables an ordinary sized room of bookshelves.,
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Cnnsequently the theory of this function is mainly a matter of general
propositions with detailed application to a few special cases. In the
following pages it will be shown where in mathematical physics C,H.
functions occur and to which problems, in particular asymptotic ex-
pansions, they give lead. The concerning asymptotic expansions will
be treated in detail.

2. Integral representation. )
Integral representations cen be obtained by Laplace's nethod &
Putting in (2)

V= {ehwf\)o\k | B
we find for q?the conditions:
(R"AQWQZ}L:Q | (8)
“(AQ(F>‘*(R(?)'+GA(?»Q((§}§Q, ,
i 'ﬁﬁ:v4+w+m ?)A
¥ A~ A et R

| : (A-1) (A-O
which is satisfied by ¢ = ———— » T

Thus the solutions of (2) can be brought in the form:

{Qﬁz (l%}) +M*IdA

L Ahw’”‘"’a

¢ a certain constant.

(9)

v o=

From (8) it follows that I ¥a® be a non sverlapping contour
starting from infinity where %3 € arg Az Tl encircling one or
two singularities (the origin and the point 3&:: 1) and returning to
infinity in a suited direction;

In (9) the following useful transformations may be performed:

A=t
sr ‘A=

From (3) we obtain as a standard solutlon of (1) the so called function
of Whl’t’caker- : : D{

.'zk j et 't“k"’m"%(l %}(-&-mu—z—
' (a.

- N

+U

-

BN

m(Z)=§%-{ F(%’+k~—m) o

The advantage Af the use of this functlon in stead of the M n(2)

function is due to the fact that LI (z) has a meaning for ail values
' s



y B ,
of k,m,z in particular for integra1<values of 2m. Moreover Whittakers
function admits a very simple asymptotic representation.

It may be remarked that, if not otherwise stakted, the complex
powers are understood in the convential way e.g. tQ(~~e i 1;;
arg ¥ = 0 for real positive t, for other t values along the contour t
is deflned by,analytic continuation. "

(10) can also be brought in the following Dnore symmetrical forms
FU :

1 J 2\ mt3 1-u du . | ‘
Men(® =5 [Gex-m@m [ 5 @ Sy - (D)

Formulae (10) and (11) become meaningless when ~§'+ k - m is a negative

1nteger. For these critical values another representation may be used,

obtained from (10) by a simple transformations
, o ;

2 1 ,
-5  k ) +m. xknﬁ“ﬂn -t «
Er f v £ (1 + .,.) e at  (12)

r(%.wk-ﬂﬁ . .

Re (-3 +k-m) < O,

Further on the following represiftgtion of the M function will be proved:
I

_ i m_.-L ﬁg. . ’
M m (2) “’E’}x‘g'rf‘ﬂ) (3 F [ e® &Pk = (13)

u+l (u2”1)m+%

The contour is a non overlapplng curve starting from infinity encircling
both singularities = %1 in a positive dlrectlon and returning to infinity.

Proof , (o)™ -l 2 '
’ P§2m+1) g-m - vz (v--i)k "2
right hand side = ) z ., e | e vk*m+£ dv =
1 z,
x-m -z vz -1-2m ket 4 ,
= 22m;1) z e e v (1~ %) * gy =
[ r.4 )
Y-S 4 kem- vz =2m-jel
= R2m+1) z,z e %i(—-l) ( 3 < ) 2—%3{ ¢ v dv =

iﬁ - l~w1§g IW1 _ ) 2m+j
(2m+1) ol . (3 ~k+m+i) z -
(3 <k+m) 5 o T

= m § “3 F, (% -k+m, 2m+l, z) = (z)
= % e ’ ’ .i’ - m’ m F Mk’m

according to (5)

Par. 3 Asymptotic expansion of Wk 0 (z)
’

From formula (10) it is easy to derive an asymptotié series for
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k m(z); In order to get an estimation for the error the follow1ng

1emma, due to Jacgbl w111 be proved: Z a+l
m
dt ‘
lemma (l+z) = ( )z + (_ )(1+z) J{ e,
=Enma ~ 3 n+1 » (1+t)m+1
: . o
Z
Proof; : ‘ B ,
m m no
Ry = = 528 () (1+2) ftd — =
won s - (1+t) |
m-n % n . m-n 7 m / at”
= T (n)Z + -'rﬁ- (n)(l+z) (l+'ﬁ) W
r :
= o A= n , m-n n
- m (m)Z 7 Rn-l o Rn

hence we have the reduction formula

mx
n
1° (n) z

i1

B

From this and

R (1+2)™ -

18]

i

the lemma easily follows.

Applying this lemma on formula (10) we get:
ot | oo
remal ; 1 S x T
J e't + k+m—3 (1 - :Zg)k+m 2 3t = . (_1)3 (k'H; Q*)Z J )
+ Q i L

ot o ,
o s - - '
. ( et. ¢TkAm-TH] at + f 65“t g 2 Ry (K“Pm”%'y - -EI) a%

' E i -~}
.2 jf' Y k+—+m).r(k+§~m) z"d '
We,m(2)= e { (~1)° Tleogegem) [Ce=-j73-m) . 3T * ST7OTY,;

(15)
(15) may be written also as
2 211% {m2 (x f+l)2}
A —— " .y —c 2 . >
(z) = e 2 zk{QL“ . + error (16)
m 3
o J iz
‘Using formula (12) for the error, we find, supposing sufficiently
larges: Jﬂ °
= (3+k+m) ' -t ~k+m-% +4m 4
error = jf(z~k+m JT ey e t (1+~) ?Kt) %
A ,

’ u du
where
‘f j ( 1+u) k+m+%
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Denoting the coefficient of z Y in the asymptotic expansion of

ka(Z)eZ/sz"k by Aj, the error may be expressed also in the following
forms

% :
" (n+1)A A -
error = ( 1) F+1ﬁ ' J{ g ¢ kHm ¥2(1 t)k+m /i/u dudt
2% M (n4Y2-kem) (1+H)Ewl
‘ )
Supposing largd < Jr Ve have for large values of |{z}
lerrorf = O S;TH:T_ )

as the reader will prove without d.fficulty.
The following special cases will be considered:
a) Rez=x20 k,m real; k+m) -2

For |z} » 1 we have

t t n ; n 'n+1
_ufdu < J/' u du < [ wdu = +
(142) ktmty 2 {1+.Z‘2'[ k+m+72 o/ 0+
‘ Q
} k+m=Y2 o
'1+§{ ‘ < (1+t)k+m+Vc
hence (n sufficiently large to secure convergence)
: k
,v’errOr ‘ S F&I:‘lt+])/2_k+m7 j k+m+n+j/2 (1 _t) +m+/2 at (18)

It is not p0351b1e to express the integral in (18) in elementary

functions such as gamma funotlons. But however a 31mple approx1mation
can be derived. ’

Starting from the fungtion

£ (a,b) = r‘Ti)‘ f T 8=T(404) Pay ]
We get the follow1ng transformatlons |
f_—ﬁ-—- f =t a1(1t)bf‘” "dwdt
L
where L is a loop round the negative real axis.
Further: . _ f (1+1) Pat / “t(1-w) -a o
2T
The oontour l~ can be transformed into a vertical llne
k+u1 : { 0<k<1 k constant
’ L 00 < U <+oo l u variable

Performing the substltuﬁlon it is_found;

f=_1 f (14) Pat /M.e"“"‘k)t*u_ti (Jkui) "Bdu
DT e

LI j‘e “ k)t ,(1+’b) Pas [ (1Peul)y 2%
0 o -S0

li~




....5&...

o ha) fe"“"k"""'” Fay fm—i;r““ o
.

T, TR
< -~ T(1+b) o
R anﬁ(a-1)(1_k)1+b B (Y2, % a-¥2
- 1k ey 1

2t 2 (BT (40 10 MY .a)

1/2 we find:

#.a+b ! 2) [(1+b)
2 s g%&-z)> e (13)

For high vélues of a the quotient

Choosing k&
f{a,b)

]

i

MY, a-12) can be approximated as follows:

(% 8) | :

] Qn%z(sﬁ)@l = (x-1)1n(x-Y2) -(x=¥2) Lox+/2+ -
2P, (%) .
(x+t) (x+t—3/2)

where P1('b) = Y2-t+ [t]
Using the second mean value 1t:hemrem we set:

AnLlxd2) m{) = (x=1) 1a(1- f)Hneed/2+ perbomy _[P (t)at =
=-(3/2+-8-- —-2—2-3;(? .v) +(-g~+-é;-2+—-é-z—3;3-....) ~
- ¥ Inx+¥Y2+ W 0<9© <1
or for x > 1 - |
in -Er—s-}(%ggl p3 "; 1nx+ 83: + 8x2(1-2%)— + 16x2(11%§ -
1 < 14 : 1
) 24x2 STz b+ 8X3 * 3x2 . g%-s-i—é < 1

hence: ng-lffez - < 3 ~\[;:1.__ (20)
rix VX

For high values of a (19) may be replaced by

1, 3. 4

21/,_ a+b e’z—i- Tat -3-3%
VT a

For the remainder in the asymtotic development (éase a) we get the
- approximation:

A

£(a,b) F(1sb)  (21)

m+k+¥2 = oL 2 0
m-iwl/z = P j/2(n+‘1+155)

£ 27 M+ 3
lerror| (1+ )\/—. o 72 exp { e p) +



~5b-

PRy
3(n+1+p) len+1
valid for n 2 1-§
b) Re z 2 0 k,m real, ktm £ -Y2
Now ws hagve (14 g;)—(k+m+y2) ' 1,2 ~(k+m+¥2)
% Z_ <
N -(k+m~Y2) = ‘ 1+§ =1
(1+=)
. & :
Hence we find ‘“he very simple expression:
V ]errorl §,—715§%1 . (23)
z

the ideal result for an asymptotic series.

Remark 1 As will be seen in the following section the functions
TT T . .
hk,m(z) and W, _ (z) are identical.

This means for the remainder an important extension of the range
of validity.
(22) is valid in the range -
o = least positive value of kim+l/2 -
(23) is valid in the range k+¥2 £ |m|
Remark 2
Second proof of the Jacobi formula (lemma of §3):
The Taylor expansion of (1+z)a with the remainder in integral
form is as follows:

my +¥2 2 0

n k n+1 , :
£(z)=(1+2)%= L & oy EET—Jf(1~u)nf(n+1)(uz)du =
R4 k 'O'
o k! n! /
Putting = 1=y it is found
, ! T ZV+ i
(1-u) B(14uz) @ 014y - (1+2z)2 j’vn(1+vz)_a—1dv
which proves Javobi's lemma. i

XX X X X

(%) Cf. Whittaker and Watson. Modern Analysis, 5.41 and ch.5 ex.6.
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CONFLUENT HYPERGEOMETRIC FUNCTIONS
HiA, Tauwerier.

§4« Consequences. |
(z) and W_, (z e" ) form o standard set of solutions ef the

basic dlfferentlal equatlon. Their 1ndependency follows from the fact
that they admit different asymptotic development

The functions Wk (z) and W_, (z e"" ) are solutlons as well and
each of them thus may be expressed as a linear combination ef Nk m(Z)
and W x, m(z e ). However, since Wk, (z) and Wk m(z) have etactly the
same asymptotlc representatlon, it follows

W o (%) = (Z) (19)

a result, difficult to prove by meane of the integral representation;
Returning to the original differential equation (1)

e T = LA W

d z A 7

=

there are three important solutions:

—-m+E El -
(w2) (2) = 7 M) (7™ =k A (20)
(1-u”)
@0 |
(2) s Z\—+% #: 1-uk du
< Wk,m (Z) - nf!’(%"’k"‘m) (4) = e * (l'HJ.) m+2 (21)
‘ (1-u )
(tu+ A
' —mil (VL S a ~
\m (@) = e w (B[ sl Mo (o)
t : (u®=1)
L
7/
i

{igl
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1) The conmtour in (20), a loop round the singularity -1 dn a certain
direction, is represented in fig. l. To assure ene-valuedness in A en t-
real axis between -1 and +1 we take arg(l-u)= arg (1+u) = O,
- 6, may take any value in the interval

-TT < B, « + 17

Formula (20) thus is valid in the region

T T
-5 +8, ¢ argz <5+ 6,

AHenoe‘Wélé (z) is uniquely defined in the whole region
® ’ N

m 2 IT
~ 35 < arg z < + 3 5

2) Analogously for the contour in formula (21); represemted in fig.2
we have in B on the real axis '

arg (l-u)= &arg (1+u)= 0

9,1is bounded by
-7 < 9?_ <77

Fermula (21) is valid for all z for which

-3—271+61<argz< --7-2:+91- 4 )
Consequently Wézg (z) is uniquely defined in the regions
: ?
s I : ul
55 < argz < 3

3) The contour of Mk m(z) is represented in fig. 3.
?
In C on the real axis we take again

: arg (1-u)= arg (1+u) =0

f,is lying in the interval

-TT € Qsm‘;'n

i
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Formula (22) is valid for 21l z for which:

-

-~
~]

- g + By <argz < + 5+ 8

nof

Hence M_ m(z) is defined in the region
s

L I T
~35 <argz < +33

§5. At first a summary of the properties. of 1V V(li and W(z) Wlll be given:

9 k’
N(l) (z) = e, n(?) ) (23)
) 12 (2) = omITE ) (o7 (24)
Wé}zm (z)=W (1) (2) ; (25)
W(g) (Z) - ~2mT’1 wl({zlzl (Z) (26)
Mo (2) = olmm=3)T1 1 {——%—-—H S vlil) (z)+ ?ﬁﬁfgﬂ) w(2>(z)}
| (27)
Mk,m(621r('iz)z~ Jllem+l)m i Mk,m(z) (28)
‘ . 1 an integer
Mk,m (eTle)= e(m+§)ﬂ’1 M~k,m(z) . (29)
ey (2)= Ty W (2) ¢ ok M (z)  (30)
(2m+3) 7T i -
P(- | 2
o) (2)= LR e () - gt ,-n(?)
(31)
) (2y= o2 o {1 B G 0 o H B € 0 e = RO
! nil 7" V
+ 0(z "N“l)} (32)
valid in the region - 2%[. < arg z < ’

AL
2
Z 1 :
= k+m+—)711
(2) (5 @ oF T g,
Wk,m (z) = e

if—p*r{mz—(k+%)2} {m2~(k+%%% soss m2 - (k+n~")A} v o(z~% 1{} (%%
! : h!z .

valid in the region - ill-(arg 7 £ g
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5 - (] I {(k+l)2-m% i(k+g_%g2~m21
n 2 ;
o e(z“"" 1)} + e(k"m”z)"l o5 oK.
{2:’. (s -<k-%>2} Ak—n%u_ s o(aD] (54)

n :;z

‘?alid‘in %helregion‘~ 33 < arg Z(-g .

f§6. Proofs of the formulas in §5.

L The relatlon (23) is obvious, (24) can be proved byaa simple trans-

‘ f0rmation of the variable of integration:

are evident. -

SuppoSmng - §§~ £ arg 2z ¢ g we have

i : \ V«l)
W(l) (z eﬁl) --];»,- P (~k+m+%)e( m+%-)771 ( )*IXH‘% j %uz .

~k,m ni
\‘ o
. (l~u)-—k (1 g?m+% = = 73' P(~k+m+1) e( m+l)rri ( )“m+%J{ v
-u 3
‘(lw)k 4 _ e..(m+2)ni W(2) (;)
1+v ‘ (1_v2)m+% - » ’ ‘

;Formuiae (25) and (26) are simple consequences from (23) and (24);

.The proof of (27) is simple to0o0. The contour of (22) is equivalent
to the combinatich of the gontours of (20) and (21), further on
u=-1=¢" ri (1-u).

m+g
Since Mk m(z)~ A A

analytic functian, the felations (28) and (29)

Replacing in (27) m by -m and maklng use of (25) and (26) we may

“eliminate either W(l) or W(z) and we get formulae expressing the W

‘mulae (30) and (31) define W'~ and w
of 7z, and it is emsy matter to express 1et us say W(lj(z e2 711) where

‘1 is any integer as a 11near combination of M (Z) aﬂd M . (%) or of

functions as linear combinations of M . (z) and Mk (z) These for-
’

(1) (2)

for unrestricted phase

W(l)(;) and W(z)(z) The formulae obtained in thls way may be useful

‘1n order to get asymptotlc repreSentatlons valid for unrestricted phase
©of z., Hence it is sufficient to get asymptotic relations in a strip of

20 for arg Z. Thé’fact*howéver that the asymptotic relations obtained

‘v1z. (32) and (33) are valid in the extended range of 37 gives rises to
ﬁgthe phenomenon of Stokes, i.e. there are regions ‘where two different
‘éasymptstic representatlons are va11d at the same time. - ‘
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~§‘7. The asymptotic representations:

Starting from +
: z o

Wi (2)= ko M (emed) o 2 2 [ et gkim-2 (;-i;-)k*m”% at (35)
we follow the same way as devised by Watson for the Hankelfunctions
which are indeed special cases of Whittakers funétions.
The path of integration in (35 is a loop round the line
pi Lo
, o< &
(35) is valid for f - < argz < f§ + 1N

A | :
The development of (1—%0 A=k + m - 3 into a series as a special

case of the Taylor series in the following forms

n . 1
tam= 28 2 () B f (1 £ (aruman
o Jd° . »

-t = T e

s a ﬁ-A E A(CA-1) (A -~ ;12 1 A(A ~1). ( \ —n)
' 1 n ° 0w n sbol )¢

.7 -f(l—u)n (1802 (36)

o
It is convenient to take n so large that
' Re(kimwnwg-)éo

Then we choose any positive angle § which satisfies the inequalitiest

‘P' (3 %T-S' }ﬁ -argz] ¢ - §
From this it follows
- 2%1 + 2§ £ arg z 4 i%: ~-28

*’“ is the distance of the point +1

et

Hence the minimum value af 1 -
o the line Te’’ (—ee <t <+ o0 ) or

11 ??* 2 sin 5 

Further ‘
’arg (1 -—;- , < M

Applying this it is found

M Tmal

l (1 - %})A—n~l‘ e (sin~Y)Re(A“n"1) = A

‘ n+l

For the remainder in (36) we get the approximationt

| Y . o ndd
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The contour of the integral in the remainder of the asymptotic develop~

‘ment of eT' _ W(l)(Z) may be transformed inte twice the stralght
line -t = 7 e? nd we may writed
el 1) e - _
B ¢ [COem) A1) 1] [ gin(amsmint 3]
Tn! lzl
-LeosP Re(~k+m+n+3) n
An+i f' e ) T d7T. (1~u)" du
0o
oY A , )
IR | ) lsin (kmm+d) [ (emmtd) A (A =1)uus (e
(n+l)! T |2 '
r{Re(-ktmta+ )} (57)
(Cgsp)le(~k+m+n+l)

Indeed it follows from (37) for |arg z|< é%L and for all k,m values,
negative integer values for k-m+} included, that

[R| = co(]z] ™) 3

- This proves (32). Using (24) we get (33).

Comblnlng (32) ard (33%) and using (27) the asymptotic representatlon of
M m(z) is found, valid in a phase range 27,
’ .
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"RGbOMLTRIC FUNCTION&

,§5- Some Special cases of Whittake: functions

Some important special cases are g1ven here without proof
1) cylinderfunctions

\ 7L T4
B () =(:2) ¥2 )L W, o (26%7)

m
| 2 VI : N
1D o) o(:2) 70 o DTy (2o
ory (E)(Z) - G?%) 2 o~ (my2) e W( ) o (27 ’1)
72 |
K(2) = (g%) Wo,m(gz)
. oy T LT
Jm(z) = 2""21’!1"“7,2‘,5"'i/t?e(HH-}]2)“““iz‘.“E Mo,m(ze T'Z.)
[ (m+1).
o=2m -2
2 /
~Im(z) = 7‘(m+g)2) Mo,m(zz)

2) incomplete [~ -funetion

7 "
M2m) - f L o hE Wt/ m (z)

[+]
3) Error function
’ - % ., - ] 2 2
e Pat = 4z 72 g7 A Wyg,yy (27)
%
4) Laguerre functions

()

Lié) (z) = | (a+n+1) 7" *5” e? "
n Ma+1) Mn+t) ﬁ%m +n, §
5) Hermite functions or Parabolic cylinderfunciions
n 1 '
- §+Z "%’2 -
D,(z) =2 z U2+l 1 (52‘
a* otp T 7))

7
Hen(z) = e Dn(z)

§6. A physical problem

An interesting physical problem which needs the use of con-
fluent hypergeometric functions in the theory of heat effects in
capillary flow (Cf. a paper of Dr H.C. Brinmiman to appear in applic
sclentific research) will be treated below.

The velocity of flow in a capillary is given by Poiseuille's

law:



or
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whete
R radius of the capillary while the z-axis coingiles with
- the axis of the capillary; r distance to the axis.
N viscosity
P pressure assumed to vary linearly with z.
The heat of friction generated in the energy done on an element

r2
' = 49 ( )
For the stationnary state the temperature distribution is deter-
mined by a differential equation expressing the heat baknce for
an element of volume: ,
,7 2 2
..A{%S?a:(r ) + £ z) + Vl:%TE - !3':77 (f%) (1)

of volume by the normal and shearlng stresses:

where

A is the heat conductivity and

c is'the specific heat per unit of volume
The first term of (1) is related to the heat transport by conduc-
tion, the second term to that bj convection. ’

The hedat conduction in the z-dircction is supposed so small
that this may be neglected.
For sufficiently large v this is physically permitted.

The boundary conditions may bes;

1. the walls of the capillary are kept at constant temperature:

T=0 for r=R.

2. the walls of the capillary have zero heat conductivity:

o T
O r =R,
3T e

Moreover it is assumed that the fluid is introduced into the capi-
llary at zero temperature: '

T=0 for z=0.
Choosing new variables, the whole problem may be restated mathema-
tically as follows:

1 b}

R DEECE SR Rt N
+=0 w=0

r=1 w=0 or S =0

It is easily seen that w=C-r" satisfies (2) and for suitable C
the boundary conditions, |
Iniroducing a new dependent variable W'=W+(C~r4) it is found for



 The,genera1 solution may be represented by
- z:a eW “Gafan(r)

-Fa W (et w0 ()

« dr
~ fIntroduclng new variables defined by

X = 2‘ﬂ~r2

Y =1 ’
; g r q'
(4) is transformed into

Ve fm e s-He o

4x )
the well-known equation o f the Whittaker functions:

W&L o(x) and Wﬂ " (=x)
20 270

~ To avoid a singularity in the origin'we have 10 choose the -
 function.
. Hence the aigenfunctions ares
* 1
? = M

"P‘ b B ‘9V1:2wr2)

(1-&0)(3~gu)..,(gn_q,u,j*
n! nt ;




II1,15

‘ From the series representation of ('7) only the first eigen-
- values can be calculated and therefore it is advisable to derive
an asymptotic expansion for the functlons .

M%’ s0(2w)
and M
5 s0(2ur?)

It may be remarked that from a well-known theorem of laguerre
it follows that (7) admits only real positive zeros,
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CONFLUENT HYPERGBOMRTRIC FUNCTIONS
9. Asymptotic development of Mb’,O(Z“»’
2
The following formula has been proved
M gze)% (21 ot (u)
. y Wt (u
%%O(‘@)” 55t J' e g(u)du | (8)
where
u-1

- 1 bt
flu)= u + % 1n il

g(u)= (u2-1)"%

Only those parts of the contourvlying in the vicinity ef the
saddlepoints, i.e, where f'(u)= 0, contribute essentially to the
value of the integral.

Here u2
f'(u): 5
u -1

hence the origin is the only saddlepointj and of the second order.
In accordance to this fact the path of integration can be
chosen as followss

LW
N
\ 2 C’TQA
Ln’ o
Ly
" - o
L1 s u =1 exp « g‘ﬂ i 0 gt o
Iy:, u=1t , argu-l)= -7t 0gt<1-¢
$ u -1 = S%p?i' —ﬂg?gﬂ
I; 0 u=+t , arg(u-1)=T = ogtg1 -]
'L4 8 u =1t exp %'ﬂ i | O gt <

It is easily seen that the contribution of the S‘~circle round



a,pal iamialyof degree [%Jln uL

i

5‘.f8upposing iz\( 1 for PF(z)= zf °k the following differe
Qt‘al equation may be derived 2

(1--z ) ‘ (z~wz4)F

of

‘ ubstituting again the aeries expression and equating powers Z
it is found ‘
 From F(0) = 1 it follows c, =1,
In particular we have

o

o
PO
i
o
1)
-3
|
o)
ifi

-F Y

0 - %= 123
« = . 049
4 = 3 . %= -zEpp W

My

]

The remainder R will be estimated later on.

New the asymptotic development may be easily obtained:

' | | w0

(2ur)= U uux(uel)Z dau .

2ni : u+l 2 1B G
1,1+L2+I,3+L4 ; {(u-1)

e Lo

Ly%T, 2 1 gckuk+R“} duf

ik
(2wW)7% M
L




u)tB

tk at o+ remainder 5
e 5

. ¢“~;:. Lo 43
Jemainder ? Cy B 1 4 ,( %

% 2 W 't3 -
Remainder | < A ¢ % e | Rn(t e 2 )| at 4+
I
e W 43 "
g
3 J( ] R.(t)] at
M Ry as

 where A is beunded for W0

Estimation ef the remainder. W
Substituting F = ) o z° +R_ in (11) it is Tound

Q

(1~2°) Ry = (2 - wz*) R+ Q(2) o (14)
where Q(z) is a dertain polynomial of +the following form
n ool G0l o0 02, nd3 n+4
<m% z° +% 2 + 5 2 + g 2T +<¥4 Z

the coefficients « are linear combination;of

Cr+1? ®ne2? Cnezo en+4’ ®nts

%

’ iThe solutlon of (14) is, rememberlng R (O)~
~ z




n)S'b .,,,_?.,, %111

. %1“333 } q (u)du .

%:z ‘ ~'is monotonQusly decféasing;anﬂ  

AFrom thls 1t follows ‘  i ‘ :
- ; _.%. . : 2 ._‘2._ * x
{R )] £ (42 (1-u®)"% Q (u)du
Q .
LThe ooefflcienmsof Q (u) contaln;u in the maximum power lggﬁj and
 cQasequent1y: o0

t “

A0 43 ‘
1 3 \| : A
7“‘,} ‘S e - , Rn(‘t)}‘d’t ~> 0 for e

 with a certain power «§°, r increasing with n.
| The finalresult is of course far from satisfactory, in the
*f' first place owing to the rough inequalities used in (13) and in the
~~i‘seoond place owing to the fact that the asymptotlc series (12)
oscillates very slowly, being a power series in (%? 3.

In the coefficient C Wl occurs in a power l%} « This means,

 that after five terms the essential gain in () is onlymuéa' -t /3

Therefore it is advisable to derive another asymptotic represor~ 

tation of %@ O(zw) This may be performed by rearrangement of the

A}

 series (12) accordlng to equal poworsgg Jln such a Way that apart
from a sinus or dosinus factor the coefficients of g~
numbers only depending of n,

| ~ The asymptotic series thus found is sim@ly the Debije-series
and ‘may be obtained~directly by means of Debije's method which usés’

“afbe%ﬁey contour in the definition integral (8).

- ;erije’s method will be considered 1ater on.

are constent

lO ‘Rearran:ement‘ofwthe‘awxug otig development (12)
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the same subject, to appear in applied scientific research. -
:  The coefficient ch 1s a polynomium ineJ. Ch gives a contribu~
tion to these powers of u)bln the rearranged serles for which the
exponent e equalst
e#;;..g{%}..zjgén n= 51, %1 + 2, 51 + 4
‘ j= 0414240

ean-3§{§}—23—-1}.§n = 51 +1, 5 1+ 3
- ‘520”’1’"
In view of the sinus factor e can only have the following values
{e=67p p=0,1,2 ...
le=6 P+ 4

S0 we see thats
(@ )P gets contribution from Cp? Cop+3, Copre "

-~ \6p¥+s
W ) Y " i "o
. 6p+4, C6p+7 .

Denoting the coefficient of uﬁ in . by Og we have from the
recurrency relations

J o k=l o -1 -l
Ck =% Sk ~ % Cies
(16)
J = 1
Now the rearranged series can be written as follows:
| 2
< -
M, (z0) X 22‘,w ”(3-) cos ( »%)7’( | a WP o+
ﬁ%O 37071 2 o P _
, 4 (17)
+ 2.3 l(%—) cos (%-}+ %)T( bW 7}
<
ap = 4;. Li4eT oue (6 + 3 j =2) C6p+33
» e (18)
4

[

3-0

Writing D{(j,p)= 1.4¢7 ... (6p+33~2) C6p+3j " a rather complicated

recurrency formula results viz.s

o3,9)= SBHUSBNZY (3,500) - sty ‘\
{(n-l)(n%)(n#-‘i)(n-’?) + (n-1)(n-4)(n-5)(n-8) + (n~2)(n~4)(n~6)(n~8"

D(3-1,0-1) + HERHESIH 4 (1) (ne5) (n-10) + (n=2)(n=6) (n=10) +

+ (n~2){n~7)(n-11)} D(j..g,p._l) - {n=2) (n=8)(n-11) (n=14) p(yo3 5o *




6p+3j+4

and E(g,p)— oo tor 3SR

;;'fi;f;n(o,OJ;ﬁi1  o o
o) =2 (1,1 =-82 (21 =3
 Hence 8y = 1 81 = = 560 - (surprisingly small !) and analogousl)

b, = - zEp = - 0.0393
by = 0,0144,
 Inserting these values in (17) we get:

: L'f .
Mw(\O)’*"“T'- gr()cos( %-)71 (1-Q'~9—%-ﬂ...)+

l f 2 1y 0.0393 , 0.0144
. Y ! !0 LA 1
+ 2.3 (3) cos \, * 6) - o | h ) (19)

As has been remarked (19) represents the Debije-~series of N%@‘O(Z\Q)

which will be derived afterwards in a more direct way.




) ; « ne ,or%the elgenvaluescn i.e.‘
7 (Muﬁi‘The flrst approx1mation of Eb@ (2@9 iss
i ; 2 ’

2% N

w1 3)oos(§" gm +o@m 7b)

lue is found to becm =1, 35217.

hences

1sfreveals the remarkable fact that (20) approx1mates the first
envalue 1=0 already very good, More accurate results may be
Tbtained when assuming forud a development of the following type

% ~ v * “'?'S‘%—' + ——2—%,—-— Foe e e ~ : (21) |
Tiv ' v
v=21+1+'l4

i: (0f course a priori the exponents of the powers in v are unknown but
~ soon it will be seen that %3and£%3 are the exact values).
Substituting (21) inxo (19) and equating powers of v we find fory

and(5 :

8 = .11, F(T)
280 )

/.nzf()
(5=- 280f2()

LB

8

4 8
Wy o Vv + 0,031580 v ? ~ 0,000904 v > ... | o (22)
h)l = 1,35
Wy = 3,340
W, = 5,536T.
b34 = T,33554

12. Thg exact derivation »f the agymptotic series by means of Debije's

methed,

Starflng anew from the fundamental formula :
‘z uﬂ z~1 3 dz - :
(2u® (eu» e 1 —7 -7, (1)

i?the asymptotlc expan51on w1ll be derived by means of Deblge s method of
’Tsteepest descent.‘



ifj;For (1) we wrlte

l—z
T+z

,; Where tp(z)n z + % 1n

St a segment ef the real axis (0,1) .

!

~
=

Lt a curve in the second quadrant with asymptote y =
tangent y = x tg 2%1 in the origin,

Now two ways may be followeds

ol
=
&

|/3 .
A Perform the transformatlor1f3 { - W(z}} and apply the Lagrange

expansmon

n-t F

1. _ k e
F(z)y (2) 2;- meS o ﬁ J V(t)Fn(t){F(t)ub} (3)

. , %
B Perform the substitution v = wz and develon the 1ntegrand of

of (2) as followss 3
v

(l_'zz )-%‘L ew‘P(Z) - eﬂ? zﬁ_.. pk(v) (w )

Both methods lead to different expressions for the remainder of the

‘asymptotic series. Here we prefer method A. Te calculate the coeffi- .

cients of the asymptotic series method B is more suited.
Method B will be discussed in the next paragraph.

13. Lemma o (zah1 ) 3 ok
o i uri%z n - n-t -
(1—-22) B oo = ‘3"{ 7 op (V) w P+ Pn}




1 eJCp {Vw '3'4— -3~ o "% 1n T ~:--
2 p ( T W /3) dh;
(1 1;2) L exp w);?‘ﬂx- .1._ +% in %:f‘}

s %_z_
e
Tt 4+ P!
n n
; jl’l* Pn

' _;yFQrmally it follows ”2}2 2k

(w"’-* vz)Z:pkw 3 = (v ) ipkw g

or . : «
By () =¥ o (1) + (v - ) By (9) R

| ~k«81nce P (0)= 0 (k> 1) which follows from

2k
1= 2; 2, (0) w

 we ge»‘gf i’megrating the last equality:

o

k+‘1(v)" J{V pk(V) + (v=h) pk(V)} av




: : pn(r,)d"ﬁ
F v) jF(L)(wV&" )

1

L =42 b, (Twddy ' s o
e R (Wew 2 FW) f e ESia (9)
G ¥ e,i + + 3 1n 15(; 2y

Formula (9) may be C:hOSel’l as starting-point for the estimation of |
the remainder of the asymp‘!;otlc series. However ansther method will
; be adop‘ted in the following paragraph§. ‘ |

U Applying the lemma on (2) ~ the shape of the Debije contour is not

essential here &~ it is found: wh v3
o : ' R é/zwl/b [ %’%{3’. j i -—%l-{-
ML_g ,O(iw) T Re | e { Z Py W }
: 2! e 3 V3 k ‘
o 2 e { - pk W + Pn dv
0 ' ed
Since p, (v) is of the form v?%, polynomial in v> this may be written
as follows: .
‘ ./1 ‘16 ) vy ..r.’:..! "‘"2"1"{' 0 ""V;' ‘
Mo (aw)= W { cos %’—{- W 3 j e P (v)dv -
29 o 3 © ;
| -t ___2_15_ P ¥
- cos (¥ Z_%i:_lZ) )y ow j e O pk(v)dv} + Remainder
Lo
0 3

z?—ﬁaﬂi— ZSingngf;cos (%’- —%)WZw?’JeTPkdv '




n i
 The reader will have no difficulty to prove that C_ = 0 (w 208
~ However the remainder occurring in the A-method will be seen to be
f:mbre‘suite& for the calculation ef an approximation.

From (5) it follows that p, is of the form

pk(")‘ v Z_ ®xj ¥

Hence oo 3
; ERR ‘ -
Pr= ooy ) &7 04
© ' o v
. 2k+33-2 o k=2
=y 3 7 &R, -3 &S
©

. 4 “ "‘Q
Z(2kf3j-—2?(2k+33~5)1..(2k+1)akj ‘

In particular

P TR o= 3 TR {angtohy +40 ) =
=- AL sty N e

The actual computation of the higher rlk's remalns however as com-
: pllcated as 1n our former con31derat10ns. Mbrecver we meet the same
‘f‘; ,d1ff1ou*ty; that there seems to be no a priori reason why the/*k's
ﬁt'becsme s0 small 1 |

hsfdriginal}mgthod of Debije by means of the,LagrangeiBﬁrmann



 According to the Lagrange sxpansion. we Bave

o : Compara"blon of this result wr!;h (10) Shows, that

Yi-i
1 ‘ ko
dg(l )/4. = Z; mkg + Rn(é‘)

at
2/
(1"t )z(“"b""z 1 1’1’13)

G i |
ere m. = 9 1

(integration round the origin)

R ()= { i e
n 27t:L (1t 2Y4 { st 1n =5 3{(%*% in 1+Jc)a -S4

path ef integration a curve enclomng the Debije contour i.e. the
points where (~t-% 1n 1%)3 S

; 1+%
Proceeding along the lines we finds: '
'/1 Yn;l ‘ “&i"l
M, (cw) = i—??rl— [ 2 m r(-l%i)-‘sin 'il-{;;—lﬂ.sin(%’ + 3-‘-%’-3-)3?_.& 54
§,O o 0
+ remainder (11)
2% e WIT 7 & o n
remainder = L.Ql._ cos -'-é-*- s ‘S Rn,(é)dg -

it e | ~
- Re [e ' f s-;.ug g R (’L)dé 1 (12)
It is easily seen, that

m 0 only if k =6
x ¥ | P’ = 0,1,2...

k=6p+4 P

Thls mea.ns, that (11 may be written in the following forms

%M (zw) = 2—-?—‘!- cps(w )l( )__ m r(2p + 1) UJ ;
l%]’o 3/171' g 6 .

w (13,

S 3 1y 3 5, =2p=- L

+ 3/171 cos( L+ --)T{ Z: m6p+4 ("(2p + )w + Remalnéer.

};5 = ‘-r(zp + ‘—) mﬁ.‘h H 1/“1?4-9 = lr{Q'n -l-; Ym. |



'kf along the positive real axis from /  to oo § ”f (11 /== -7
i‘a large semicircle round 0 with 1ndef1n1tely increasing I"”dlUS. |
"’L from—eo to -1, M; ["‘1(/ 7T

. ;;~;1 ‘ : '6* 4in a similar way in the lower hulfplane.

| The contributions of the semicircles tend +to zero. Rememberinb 'bha'b
"mk is I‘eal (14) may be transformed intos ‘

hlﬁl dt

o | . ‘;'?#
e s (€ /] e : . (15)
'({'l’jégffffn-%% -7——;-—[- , ' -

'To ge't a cstimation of [W)}/ we remark that for small t valucs the

fac-torjr ‘1,(+-€mz%—// -+ g-—} can be minorated by ;7}(:' . When

“./‘?‘:1‘— {9,,, 2‘4// has passed hlS zero value we make use of a better

;approx:.ma'b ion:

/< t:<*“' (z‘+ {4 t%/) [
. /f./, Zn IL* )4—

é*)«a,




-d—.‘

de 3

. A, Ve ey ) _..:'..é
w (wr)F (kb 1)+ ey e

L o
ug~Insert1ng this in (16) we get finallys

mil< 2 (2) ] ot W)t e |

(his)c¥(r+ct) 52

q#/ (17)%‘
Z{Cé Z(a—{6n3) |
a> Y |

k; qulng c = 1 or a = 1,938 g useful formula may be obtained:

3 .
(76/ [( sl i (2k+71) 2 g } St

g5é5717.3Est1mat10n of the remainder of the asymptotic series. The re=




on of the product o

e mh s B w L ¢

. ang =0 -

ifThé path of (6’+~Z%€)3 is a curve F with cquation
o L, 3% T | |
S 3'¥37 g g H
o fe' 3 and f represent points <, , € of two fixed halflines. If [
is a variable point of F our problem is reduced to that of finding a | |
 minorant of the product FZ,. FZ,

g ] eax1s jbf‘;symmetry of F as new X-axis we get better symmé%
tions. Then new variables t,u,z




7r /3
/) /V VW+W~aV»W¢/)
L 5t‘ . |
Va0, Hlv w)z o

v

, '1emm% There exists a constant a with the property that for all admiSSiblw?
¥, the following inequality holds:

57h’L
Tatw) s G o™

ﬁfQOf tedlous calculations. It appears that & > 7<4*9/3 = 4,309 .
m this 1t follows directly 2 ‘
B (7/2) "
e PELPE

vEevw e wirevowt s >

/f;fa,x

. wn




the :t‘olloW1ng estimntions

/7? [é) M) [/-’Lé’) f(i,a///z/g%r//

| % é/>+¢ | ~ Sarh s
R < (R et et ]
| [7*/ /3//+€§///+ c§/ €z ’ (24)

| ¢= [;;)/3(2.—#1/3/ , C,r[ﬁ/éKz‘ »
l'a N = é/9+ 4 \
M’ 2)) < ‘ )/5(/4.55) Chpey o '@il
‘: *3' éﬁ? ;,g f£? : . ‘ o

F IR.)l < (% ) Uree) e, L )

e R ()% D

. For the remainder of the asymptotic series we found the expression:
e 2 g 3

o e e gy /7% (£)]4¢ +

)?"(




“‘klals of 'type -

“’fgg’ds“w»*{%# . /

) (2 C"") adml‘bs for real p031't1ve values of w‘the usymp'hotlc :
;grepresentatmn '

Z my /—'7//(7‘//51,, /r+/,( fin (Lo A%///( aum
e 4_ [h

. ')’ﬂk +0 only‘lf k = even

< 3" mv=“‘;§‘%-3/3 mg= - g 3
. 3

Il < €, = 5 (£ 064+ n

GeEe // (s s) 2 5

s=1ifk-= é/;, bp+y
s=2if k= bpt2

_’1_,_?_ The finite series stops at the term k = 6/5 taking n = é/) #o/ we get

%, N
TP %-;5—"7 f/ ”/(maw%) Al ad) et

2° id. at k = 5/97*9/ . Take n = bp4 b
%, 1
/[h/< 1w {/ca:f %}(d/-f (y%/ea-z'%/g@n}

d7 Y
J F(w)cu f’_il_"‘__

c,= 4,70 c, = 4,78 ;= 1,49 cy= 3,21

~Numerical exemple

. N

(8)= 1,4494 - 0,0136 - 0,0013+( = 1,4345 + G,
G < 0,0009

[ = - 0,047
€, = 0,184




